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Abstract

The excess kurtosis of sea surface elevation is a predictor of rogue waves. This paper
verifies the dependencies of excess kurtosis on wave steepness € and inverse wave age (,
obtained for the JONSWAP wave spectrum. For verification, the paper uses data from
in situ wave measurements conducted from a stationary oceanographic platform located
in the coastal zone of the Black Sea. It is shown that in a real sea wave field, the excess kur-
tosis changes within significantly wider limits than those described by both model depend-
encies. The correlation coefficient between Af and € is 0.06, and between A" and ( is 0.05.
The model dependence of Asf on steepness ¢ is close to the linear regression constructed
for wind waves, 1. e., it allows describing only its average changes. The model dependence
of excess kurtosis on inverse wave age overestimates its average values; the overestimation
is approximately 0.1 and depends on . Thus, the dependencies of the excess kurtosis of sea
surface elevation on wave steepness and inverse wave age, constructed on the basis of
the JONSWAP spectrum, do not allow describing the entire range of excess kurtosis chang-
es in a real wave field. Rogue waves are observed in the sea when AsF exceeds the threshold
level of 0.6—0.7, while the maximum model values of excess kurtosis at the limiting Stokes
wave steepness do not exceed the level of 0.3.
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AHHOTAIMA

OKclecc BO3BBIIICHHH MOPCKON IMOBEPXHOCTH SBISETCS MPEIUKTOPOM BO3HUKHOBEHHUS
aHOMaJIbHO BBICOKHX BOJIH. B paboTe BepupuuupyroTcs MoydeHHbIE U1 BOTHOBOTO CIIEK-
tpa JONSWAP 3aBUCUMOCTH DKCIECCA OT KPYTU3HBI € U OT 00PaTHOro Bo3pacrta BOJH (.
Jnst BepuduKkanmu MCIONIb3YIOTCS JaHHBIE MPSIMBIX BOJHOBBIX W3MEPEHUH, MPOBEICHHBIX
CO CTallMOHapHOW OKeaHorpaduieckol MmIar(opMbl, yCTAaHOBICHHOW B NPUOPEXKHOHW 30HE
Yeproro Mops. ITokazaHo, 4To B peanbHOM IOIe MOPCKHX BOJH 9KCHECC A4 m3MeHseTcs
B 3HAYMTEJIFHO OoJiee HMIMPOKUX IIpenesiax, 4yeM IPEeACKa3blBaeTcs 00eHMH MOJIEIbHBIMU
3aBucuMocTsivi. Koosddurment xoppemsmnn Mesxay A’ u € pasen 0.06, mexay A~ n -
0.05. MogenbHas 3aBHCHMOCTh OOPATHOTO BO3PACTa BONH Ag° OT KpyTH3HBI € GIH3Ka
K JJMHEHMHON perpeccuu, MOCTPOCHHOM AJisi BETPOBBIX BOJH, TO €CTh IO3BOJISIET ONUCATh
TOJIBKO €TO CpefHNE U3MEHEHHA. Mo/enbHas 3aBHCUMOCTB 3KcIlecca OT 00paTHOTO BO3pac-
Ta BOJIH 3aBBIIIACT €r0 CpelHHe 3Ha4eHHs Npuosm3uTensHo Ha 0.1, mpudeM 3aBhIIEHUE
3asucurt ot (. Takum 06pa3zom, NOCTpOeHHbIE Ha ocHOBe criektpa JONSWAP 3aBucuMocTn
9KCIIecca BO3BBIIICHHH MOPCKOH IMOBEPXHOCTH OT KPYTH3HBI BOJIH M OOpaTHOrO BO3pacTa
BOJIH HE TI03BOJISIFOT OMKCATh BECh JWANa30H M3MEHUYMBOCTH JKCIEcCa B PEalbHOM BOJHO-
BOM 10J1e. AHOMAJTbHbBIE BOJTHEI HAGIIONAIOTCSA B MOPE IPHU MPEBBIMIEHHH As" OPOroBOro
ypoBHs 0.6—0.7, Torga Kak MakcHMaJIbHble MOZEIbHbIE 3HAYECHUs IKCIecca MPU MPeIeiib-
HOW KpyTHu3He BoJHBI CTOKCa HE NMPEBBIMIAOT YpoBeHs 0.3.

KiroueBble ¢JI0Ba: MOJEINPOBaHIE BETPOBBIX BOJIH, IKCIIECC, CIIEKTP NOBEPXHOCTHBIX BOJH,
KpPYTH3Ha BOJIH, OOpaTHBIH Bo3pacT BOJH, YepHoe mope, ciektp JONSWAP, aHoMajbHbIE
BOJIHBI
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Introduction

The number of global and regional spectral wave models of the sea surface has
increased and the quality of forecasts produced by these models has improved [1].
Verification against in sifu and remote sensing data demonstrates that these models
represent significant wave height accurately [2—4].

A linear wave field obeys Gaussian statistics and, under the additional as-
sumption of a narrow-band wave spectrum, the wave height distribution follows
the Rayleigh distribution [5, 6]. Sea waves are a weakly nonlinear process whose
cumulants deviate from zero values [7-10]. The deviation of the wave height dis-
tribution induced by nonlinearity is small for most of the distribution; however, it is
significant for the tail of the distribution and is therefore of great importance for
predicting the occurrence of rogue waves [11].

Rogue waves are typically characterized by the abnormality index (4/) which
is the ratio of the maximum wave height recorded during the measurement period
to the significant wave height. A wave is considered rogue if A/ > 2 [12]. Studies
conducted in various regions of the World Ocean have shown that A/ statistically
depends only on the excess kurtosis of sea surface elevation [13—15]. These studies
suggest that excess kurtosis could be used to predict the probability of rogue waves
occurring, which has led to the development of methods for calculating it based on
spectral wave models [16—18]. The representation of excess kurtosis in the form of
multidimensional integrals of wave spectra is used for these calculations [19, 20].

The study V proposes simple parameterizations for the dependence of statisti-
cal moments of surface elevations on the wave field development stage. These pa-
rameterizations have various applications, including operational wave forecasting.
They are derived under the same assumptions as those underpinning the kinetic
equation in spectral wave models. However, the situations in which these parame-
terizations are applicable, as well as the feasibility of calculating excess kurtosis
within spectral models, require further discussion.

This study aims to verify the relationship between excess kurtosis, wave
steepness and inverse wave age, as obtained from the JONSWAP wave spectrum.

Methods and materials
Excess kurtosis. The higher order cumulants of a random variable serve as
ameasure of how much its distribution deviates from a Gaussian distribution.
The fourth order cumulant, or excess kurtosis, is related to the statistical moments
by the following expression:
A, =t 3,

2
2

where b, L4 are the central statistical moments of the second and fourth orders, re-
spectively.

D Janssen, P.A.E.M. and Bidlot, J.R., 2009. On the Extension of the Freak Wave Warning System and its
Verification. ECMWF Technical Memoranda; 588. ECMWF, 42 p. https://doi.org/10.21957/uf1sybog
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Studies [17, 19] developed an approach for calculating third and fourth order
cumulants directly from known wave spectra. The wave spectrum derived from
the Joint North Sea Wave Project (JONSWAP) remains the most widely used rep-
resentation of the sea surface. The project was designed to investigate the genera-
tion and evolution of wind-driven waves in the North Sea [21, 22]. One of its key
outcomes was the development of an empirical frequency-angular spectrum for
the surface wave field. The two-dimensional JONSWAP frequency-angular spec-

trum takes the following form:
2
_(w_lj /(202)
©p

2 2
E(®,0) = 4n? ai(ﬂ] exp —g(iJ
o \®p 4\ op
where o is angular frequency; o is parameter that determines the wave energy;
g is gravitational acceleration; y and ¢ are parameters that determine the shape of
the spectrum; ®(0) is angular distribution function of wave energy; 0 is azimuthal
angle. Here and subsequently, index p indicates that the given parameter corre-
sponds to the peak frequency of the wave spectrum.

Parameter ¢ has two fixed values: 6 = 0.07 when the condition ® < , is satis-
fied and o = 0.09 otherwise. Therefore, the one-dimensional spectrum depends
on two parameters o and y. The value of a, which determines the wave energy, is
proportional to the square of the wave steepness &:

exp

e(6), (1

gzkp MZ?

where £ is the wave number. Accordingly, the steepness can be estimated by know-
ing the spectrum parameters (formula (1)). Parameters o, and £, are related to each
other by the dispersion relation for gravity waves in deep water, ®* = gk. Parameter
v determines the excess in the spectral peak region relative to the Pierson — Mos-
kowitz spectrum [23].

A two-parameter equation has been proposed for the JONSWAP spectrum
based on the approach developed in [17, 19, 20], which relates the cumulants of sea
surface elevations to the wave spectrum. This equation allows the excess kurtosis
to be calculated "

Ay =12.6 y 0382 )

Here and thereafter, the superscript SJ indicates that the given parameter has been
calculated for the JONSWAP spectrum. Equation (2) was derived for cases where
the angular distribution function ®(0) is specified in the following form:

o(0)= %[3 sech?(B0), (3)

261(0/w, )3 at 0.56 <w/o, <0.95,
where B= 228(co/03p )_1‘3 at 0.95<w/wp <1.6, . (€))
1.24 at L6 <o/op.

The mean direction of wave propagation is defined as the angle 6 = 0 in equation (3).
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To calculate the dependence of excess kurtosis on the wave field development
stage, a modified JONSWAP spectrum was employed in ! [24]. The parameters of
this spectrum (also known as the Donelan spectrum) are explicit functions of the in-
verse wave age:

C: U10/Cp,

where U is wind speed at a height of 10 m; C, is phase speed. Higher values of {
correspond to an earlier stage of wave development. A fully developed wind sea
corresponds to {o = 0.83; for { > (o, the waves are considered wind-driven, whereas
for { < (o, they are classified as swell.

The Donelan spectrum has the form

> 1] o)
) ) exp[—(w—ll /20 }
ED<m,e)=4n2°‘D—§’{£]exp —(ﬂj YD ’ ©(6), (5)
® @p @p

where ap = 0.006 {** at 0.83<(<5,
op=0.08 (1+4/) at 0.83<(<5,

B 1.7 at 0.83<(<«l1,
DEN174601gC at 1<C<5.

The following dependence has been obtained for the Donelan spectrum and
the angular distribution function in the form of equations (3) and (4):

AP =0.04 +0.082 (7, (6)

where the superscript SD indicates that the excess kurtosis has been calculated us-
ing the Donelan spectrum. The accuracy of model (6) largely depends on how well
wave spectrum (5) captures the dependence on inverse wave age. A previous anal-
ysis compared wind wave spectra with the Donelan spectrum based on measure-
ments from an oceanographic platform under conditions of variable wind speed and
strong swell [25]. This analysis showed that, on average, the dependencies of spec-
tral parameters on wave age obtained under different conditions align with the for-
mulas derived for a pure wind sea under stable wind conditions.

Data and measurement conditions. We use data from wave measurements
conducted on the stationary oceanographic platform operated by Marine Hydro-
physical Institute of RAS to verify the relationships describing the dependence of
excess kurtosis on wave steepness and inverse wave age. The platform is located
in the coastal zone of the Black Sea, off the southern coast of Crimea. The mini-
mum distance from the platform to the shoreline is approximately 600 m, with
the water depth at the site around 30 m. Wave measurements were performed using
a resistive wave gauge consisting of a nichrome wire wound with constant pitch on
a supporting cable. Wind speed was measured with a cup anemometer [26].
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Wave measurements were conducted from May 2018 to January 2019. For
the analysis, continuous records were divided into 20-minute segments and statisti-
cal characteristics of waves and wind speed were calculated for each segment.
The conditions for conducting wave measurements on the stationary oceanographic
platform are described in [9, 10]. The wind regime in the vicinity of the platform
was analysed in [27].

During the measurement period, the significant wave height H; reached 2.3 m
and the mean wind speed at 10 m height (Uio) reached 26 m/s. Wave steepness &€
and inverse wave age { ranged from 0 < ¢ < 0.14 and 0 < { < 6.3, respectively.
Value { = 0 corresponds to wind speeds below the anemometer startup threshold.
High values of { were observed under short-fetch conditions, which corresponded
to onshore winds.

Results and discussion

Two components of nonlinearity that cause deviations from the Gaussian dis-
tribution in a random wave field have been identified [17]. The first component,
arising from nonlinear inter-wave interactions, is referred to as “dynamic” as it is
associated with the evolution of the wave field. The second component is related to
the presence of bound waves in the field. The term “bound components” includes
Stokes wave harmonics, as well as all harmonics generated by nonlinear inter-wave
interactions that do not satisfy the linear dispersion relation .

In the general case of a broadband random wave field, the dynamic contri-
bution to excess kurtosis is small in absolute value and negligible compared to
the contribution of bound components [17]. We can compare relation (6) obtained
within the spectral wave model framework, with the dependence of excess kurtosis
on wave steepness, as obtained within the second order nonlinear model. In this
model, the deviation from Gaussian distribution is determined by bound compo-
nents [28].

The second order nonlinear model is built up from a combination of linear and
nonlinear elements:

n(er)=n,(xe)+ny(xe),

where 1 is sea surface elevation; x is spatial coordinate; 7 is time;

uh (x,t) = iancoswn,
n=1
Ny (x’t) - ZZ{ aa, I:B';”COS(W'” — V. ) + B’;"COS(W’" + W ):I }’

m=1 n=1

Wn = knX — @nt + Qu, @y is the phase; B, and B, are second order transfer func-

tions. Functions B,, and B, are derived from the Laplace equation for the veloc-

ity potential, subject to nonlinear boundary conditions. The model includes sec-
ond order bound waves arising from interactions of free wave components.
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According to the second order nonlinear model, excess kurtosis is related to wave
steepness through the equation provided in [28].

MY =122+ 0(g"). (7)

Unlike relation (7), dependence (2) does not assume a one-to-one correspond-
ence between excess kurtosis and wave steepness. When the wave field approaches
a fully developed state, the average value of y = 1.7; higher values of y correspond
to earlier stages of development. Within the observed range of vy, the inequality
A" > A% holds. This discrepancy increases with increasing 7.

Fig. 1 shows the dependence of excess kurtosis on wave steepness for wind
waves, as determined from measurements in the coastal zone of the Black Sea,
as well as theoretical dependencies (2) and (7). The dependencies As" = A4*(g) were
constructed for two values of the parameter y: 1.7 and 3.3. As evident from the fig-
ure, the discrepancies between the theoretical dependencies are considerably small-
er than the scatter in the measured excess kurtosis values. Fig. 1 also presents
the linear regression:

ME=094e+0.01+0.21 (8)

and the regression in the form A" = af 2. Coefficient of is 19.5.

Fig. 1. Dependency of excess kurtosis A4 on steepness €.
The dots are experimental data; curve 1 is dependency (7),
curves 2 and 3 are dependencies (2) obtained at y = 1.7
and y= 3.3; curve 4 is linear regression (8); curve 5 is

regression in the form of Asf = af &?. The arrow shows
the steepness calculated for the Pierson—-Moskowitz
spectrum
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The fully developed wind sea spectrum is typically represented by the Pier-
son — Moskowitz spectrum [23]. The characteristic steepness value for this spec-
trum epm = 0.04 is shown by the arrow in Fig. 1.

The correlation coefficient between Af and € is 0.06. The absence of signifi-
cant correlation between excess kurtosis and wave steepness, as determined by
in situ measurements, is consistent with the results of laboratory experiments con-
ducted in a wind wave flume [29, 30]. These experiments led to the conclusion that
cumulants up to the eighth order (inclusive) depend on steepness, with the notable
exception of excess kurtosis, for which no clear dependence on € was identified.

As Fig. 1 shows, the changes in excess kurtosis calculated using models (2)
and (7) when steepness varies from 0 to 0.1 are much smaller than the observed
changes in excess kurtosis in a real wave field. At the same time, the model de-
pendencies closely resemble the linear and quadratic regression dependencies and
adequately describe the average state of the sea surface.

Fig. 2 shows the experimental and model dependencies of excess kurtosis s
on inverse wave age (. Similar to the As" = A4"(¢) dependence, the As* = L"(0)
dependence is characterized by a large scatter in the values of As“. The correlation
coefficient between A" and { is 0.05. A comparison of dependence (6) with
the linear regression described by the equation

MER=10.001 +0.0288 £ + 0.20, 9)

shows that the model estimates of excess kurtosis exceed consistently the average
values obtained through experimentation. Overestimation As*°(() — A4*%(¢) increas-
es from 0.085 at { =0.83 to 0.18 at { = 3.3.

A
0.8
04r
0_
04 L . M . I
2 .
1 ¢ 3

Fig. 2. Dependency of excess kurtosis A4 on in-
verse wave age (. The dots are experimental data;
the red line is dependency (6); the black line is line-
ar regression (9)
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0.1

0.01[

Fig. 3. Dependency of steepness € on inverse
wave age (. The dots are experimental data;
the solid line is linear regression (10); the dashed
lines show deviations +£0.013

Rogue waves occur when excess kurtosis values exceed a critical level esti-
mated to lie within the range of 0.6-0.7. However, as can be seen from Figs. 1 and 2,
the model values of excess kurtosis never exceed 0.3, meaning they cannot be used
to forecast the occurrence of rogue waves.

Another drawback of dependencies (2) and (7) should be noted. The excess
kurtosis values obtained using these are always positive, which does not corre-
spond with in situ measurement results.

Dependence (6), as proposed in " relies on the assumption that specifying
the inverse wave age alone provides a sufficiently accurate description of the spec-
trum and integral parameters of the wave field, including variations in steepness
across different stages of wave development. However, the validity of this assump-
tion depends on the accuracy and clarity of the parameterization used for the Done-
lan spectrum.

Fig. 3 shows the dependence of wave steepness on inverse wave age, as de-
termined from wave measurements. As evident from the figure, the relationship
between € and { for wind waves is stochastic. Cases, where { > 3.5, are rare and
have therefore been excluded from the present study. At the same value of (,
the values of € can differ by an order of magnitude. For the dataset analyzed in this
study, the correlation coefficient between € and { is 0.63. The linear regression
equation takes the form

£ =0.022 { +0.004 £ 0.013. (10)
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Conclusion

The rogue wave index depends statistically only on the excess kurtosis of sea
surface elevations. This relationship suggests the potential for using excess kurtosis
to predict the probability of rogue waves occurrence and has stimulated the devel-
opment of computational methods based on various models. However, verification
of the predicted dependence of excess kurtosis on wave steepness € and inverse
wave age (, as derived from the JONSWAP spectrum, demonstrates that these de-
pendencies cannot describe the full range of excess kurtosis variations in a real
wave field. Negligible correlation is observed between excess kurtosis and parame-
ters € and £, which makes it impossible to use these dependencies to forecast rogue
wave occurrence. Additionally, a significant discrepancy exists between dependen-
cies (2) and (7) and the observational data: the excess kurtosis values calculated
using these dependencies are invariably positive, whereas negative values are fre-
quently observed in field measurements.
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