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Abstract  

The work aims at construction of chlorophyll a fields based on variational assimilation 

of available satellite information for a few days in a transport model. Such information is 

the most real-time, but most often it has omissions (sometimes significant) in its structure 

due to the scattering effect of clouds, glares, etc. Therefore, obtaining reliable fields taking 

into account the available information for the Black Sea is an important and urgent task. 

In the numerical implementation of the transport model and variational method of mea-

surement data assimilation, the results of calculations based on the MHI dynamic model 

for the Black Sea were used. In the numerical implementation of the variational assimila-

tion algorithm, iterative gradient methods are used, and the solution of the adjoint problem 

is used to construct the gradient of the cost function in the parameter space. As a result 

of the calculations, a field of chlorophyll a concentration was obtained for almost the entire 

Black Sea area consistent with the measurement data. The paper implements a variational 

algorithm for the satellite information assimilation, which made it possible to obtain a chlo-

rophyll a concentration field for the Black Sea area, taking into account incomplete cover-

age with observational data. The procedure can be used to determine concentration fields 

of various suspended substances in the sea based on data distributed over time and space. 
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Аннотация 
Целью работы является построение полей хлорофилла а путем вариационной асси-
миляции доступной спутниковой информации за несколько суток в модели переноса. 
Такая информация является наиболее оперативной, но чаще всего имеет в своей 
структуре пропуски, иногда существенные, вследствие рассеивающего эффекта об-
лачности, бликов и т. д. Поэтому получение достоверных полей с учетом имеющейся 
информации для акватории Черного моря является важной и актуальной задачей. 
При численной реализации модели переноса и вариационного метода ассимиляции 
данных измерений использовались результаты расчетов по динамической модели 
МГИ для Черного моря. При численной реализации вариационного алгоритма асси-
миляции применяются итерационные градиентные методы, а решение сопряженной 
задачи используется для построения градиента функционала качества в пространстве 
параметров. В результате проведенных расчетов получено поле концентрации хло-
рофилла а, согласованное с данными измерений, почти для всей акватории Черного 
моря. В работе реализован вариационный алгоритм усвоения спутниковой информа-
ции, который позволил получить поле концентрации хлорофилла а для акватории 
Черного моря с учетом неполного покрытия данными наблюдений. Процедура может 
быть использована для определения полей концентрации различных взвешенных ве-
ществ в море по данным, распределенным по времени и пространству. 

Ключевые слова :  концентрация хлорофилла а, вариационный алгоритм, сопря-
женная задача, ассимиляция данных измерений, Черное море, пространственно-
временная интерполяция 
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Introduction 

Solving the problem of environmental orientation for the Azov-Black Sea 

Basin requires the creation of systems that make it possible to receive real-time 

information about the state of the environmental situation. The main constituent 

elements of such systems are numerical dynamic models
 1)

 [1], models of transport 

1) Marchuk, G.I. and Sarkisyan, A.S., 1988. Mathematical Modelling of Ocean Circulation. Berlin: 

Springer, 292 p. 
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and transformation of various components of suspended solids
 2)

, as well as proce-

dures concerning assimilation of available information
 3)

 [2–7].  

An extensive review of measurement data assimilation methods is presented 

in [8]. In this paper, a variational assimilation algorithm is implemented to assimi-

late satellite information on the concentration of chlorophyll a in the upper layer 

of the Black Sea. A characteristic feature of satellite information is that it often 

contains some omissions, for example due to clouds. 

The use of surface values of chlorophyll concentration in the transport and dif-

fusion model makes it possible to complete the missing information in the mea-

surement data. In the algorithm, the applied model plays the role of a space-time 

interpolant, and the resulting solution of the problem on the time interval used is 

consistent not only with the model itself, but also with the measurement data. 

The initial field of chlorophyll concentration was chosen as a desired parameter. 

When implementing the search procedure for the extremum of the functional that 

characterizes the deviations of the model estimates from the measurement data, 

the solutions of the main, adjoint problems and the problem in variations are used 

to construct the gradient of the functional and organize the iterative process. 

With difference discretization of the above problems, TVD approximations are 

used [9]. As input information for the transport model, the results of calculations 

based on the MHI hydrothermodynamic model [1, 10] with a spatial step of 1.6 km 

and with realistic atmospheric action were used [11]. 27 horizons are used vertical-

ly with the time step of 1.5 min. To simulate the dynamics of chlorophyll a fields 

in the aquatic environment, the advection and diffusion equation is used. 

Transport and diffusion model 

Let us write the equation of the impurity transport model in the following 

form: 
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where С – concentration; AH, AV – coefficients of horizontal and vertical turbulent 

diffusion, respectively.  

On the sea surface (z = 0), the following condition is used: 

.0




z

C
AV  (2) 

At the bottom and solid boundaries, the no-flow condition is taken. In the area of 

straits, the first type Dirichlet condition is used (homogeneous in this calculation). 

The concentration field С
0
(х, у, z) is set for the initial moment of time. 

2) Marchuk, G.I., 1986. Mathematical Models in Environmental Problems. Amsterdam: Elsevier 

Science Publishers B.V., 216 p. 

3) Penenko, V.V., 1981. Methods of Numerical Modelling of Atmospheric Processes. Leningrad: 

Gidrometeoizdat, 352 p. (in Russian). 
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The finite-different discretization of equation (1) is implemented on grid C 

[12]. TVD schemes [9] are used to approximate the advective terms. Vertical tur-

bulent diffusion coefficient AV is set in accordance with [13], with AH = 10
7
 cm

2
/s.

Variational algorithm of identification 

Let us consider a functional of the following form: 
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which characterizes deviations of model concentration values from measurement 

data. In expression (3), R – operator of designing the model solution at the observa-

tion point; P – operator of zero expansion of the residuals of the forecast specified 

at the measurement points; tk – time points at which the measurement data are 

received; the scalar product is defined in the standard way in MT = M  [0, T]; 

M – area in which the model is integrated on the time interval [0, T]; St
0
 = S

0
  [0, T],

S
0
 – sea surface; t =   [0, T],  – boundary of area M.

Minimization of expression (3) with the constraints of formulas (1)–(3) is re-

duced to finding the extremum of the functional of the following form: 

























































tM
HH C

z

C
K

y

C
A
yx

C
A
xz

WC

y

VC

x

UC

t

C
II *
0 ,

 MCCCC
n

C

t

*
0

Γ

* ,, 











 , (4) 

where t =   [0, T],  – boundary of area M. 

By varying expression (4) and then integrating by parts, taking into account 

the boundary conditions and the continuity equation, the following expression can 

be obtained: 

 MCCCI *
0, , (5)

where C
*
 – Lagrange multipliers, which are chosen from the solution of the follow-

ing adjoint problem: 
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The initial approximation is set to zero, and the next approximation can be 

found by the following formula: 

ICC C
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0  , 

where  – iterative parameter. 
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Results and discussion 

The flow rates for the period from 14 May 2016 to 17 May 2016 were calcu-

lated using the MHI model [1, 10] with a horizontal resolution of 1.6 km in latitude 

and longitude, taking into account the realistic atmospheric action for 2016 

(according to ERA5 data with a spatial resolution of 0.25º) [10]. The reanalysis 

data [14] interpolated onto the model grid were used as initial fields. The obtained 

flow fields were used as input information.  

The satellite data are often characterized by some omissions observed in their 

structure due to, for example, clouds or other factors that significantly affect the quality 

of incoming information processing. The presence of clouds over the Black Sea can 

be evaluated based on the information concerning pseudocolor composite MODIS-

Aqua (URL: https://earthdata.nasa.gov/labs/worldview/?p=geographic&l=MODIS), 

which also characterizes the suspended matter concentration in the upper sea layer. 

As on 15 May 2016, the spatial structure of such fields is characterized by an in-

creased concentration of chlorophyll a in the area of the Danube mouth and 

the area adjacent to the Dnieper-Bug Estuary. In addition, the composite contains 

areas of developed clouds in the eastern part of the sea. The increased concentra-

tion of impurities along the western coast is stipulated by the dynamics of the wa-

ters, namely the Main Black Sea Current. Figure 1 shows the composite as 

on 16 May 2016. Same as on May 15, the maximum concentration of chlorophyll a 

is located near the western coast of the Black Sea, and the eastern part of the sea 

along the Caucasian coast is covered with cloudy fields. On the contrary, clouds 

cover the central part of the sea on May 17. 

F i g .  1 .  Pseudocolour composite MODIS-Aqua, 16 May 2016, the contrasts 

on the sea are determined by changes in the suspended matter concentration 

(https://earthdata.nasa.gov/labs/worldview/?p=geographic&l=MODIS) 
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Fig. 2 shows the chlorophyll a concentration field on 15 May 2016 according 

to the website http://dvs.net.ru/mp/data/201507vw.shtml.  

The maximum values near the western coast reach 18–20 mg/m
3
. The values 

of the central part of the sea are 2–3 mg/m
3
. Figure 3 shows the chlorophyll a con-

centration field on May 16. Omissions in the data correspond to the clouds over 

the Black Sea in this period (see Fig. 1). 

 

 

 
 

F i g .  2 .  Chlorophyll a concentration field on 15 May 2016 (available at: 

http://dvs.net.ru/mp/data/201507vw.shtml) 

 

 

 
 

F i g .  3 .  Chlorophyll a concentration field on 16 May 2016 
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Fig. 4 similarly shows the data on May 17, which are available mainly for 

the eastern part of the sea. 

Fig. 5 shows the result of the variational assimilation procedure. 

In its structure, the presented field is in clear line with the image of 

the pseudocolor composite shown in Fig. 6. The remaining data omissions are 

determined by the assimilable information. Thus, zero concentration along 

 

 

 

 
F i g .  4 .  Chlorophyll a concentration field on 17 May 2016 

 

 

 
 

F i g .  5 .  Chlorophyll a initial concentration field on 14 May 2016 
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F i g .  6 .  Pseudocolour composite MODIS-Aqua, 14 May 2016 

 

 

the Caucasian coast is stipulated by the lack of data for this area in assimilable 

fields. Most probably, the data omissions on May 17 are stipulated by the quality of 

the primary processing of satellite information, in which data with increased con-

centration were erroneously rejected. 

As a result of the variational assimilation procedure, an initial field that is well 

consistent with the available information on the concentration of chlorophyll a and 

suspended matter in the upper sea layer, was obtained. The resulting field contains 

the main features of the spatial distribution of concentration with increased values 

in the area of the Danube and the Dnieper-Bug Estuary and along the western coast 

of the Black Sea. The spatial structure of the field is characterized by the influence 

of dynamic structures of a vortex nature on it. To the west of the Bosporus, there is 

a mushroom-shaped structure, which is partially present in the data on May 15 

and 16 and is clearly visible in the composite on May 14 (Fig. 6). The resulting 

chlorophyll a concentration field is consistent with the model and with the informa-

tion used for subsequent time moments on the sea surface due to the minimization 

of the functional of expression (5). 3–4 iterations are sufficient to reach the extre-

mum of the functional on a given time interval. 

Conclusion 

The performed calculations showed the effectiveness of the algorithm used 

in initializing the initial chlorophyll a concentration field in the Black Sea. 

The transport model is used as a space-time interpolant, and the solution of the ad-

joint problem is necessary to construct a gradient in the parameter space for itera-

tive descent. The concentration fields obtained in this way are consistent with 

the measurement data distributed over time and space and the available information 

for the corresponding period of time. The results of the work can be used in order 

to solve environmental problems concerning the Azov-Black Sea Basin. 
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